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Call a hypergraph siriple if for any pair u, v of distinct vertices, there is at most one edge
incident to both u and », and there are no edges incident to exactly one vertex. A conjecture of
Erd6s, Faber and Lovasz is equivalent to the statement that the edges of any simple hypergraph
on »n vertices can be colored with at most n colors. We present a simple proof that the edges of a
simple hypergraph on n vertices can be colored with at most [1.52—2 colorsl.

A conjecture of Erdds, Faber, Lovasz ([1]—[3]) states that given n sets
4y, Aay ooy Ay, with [4;|=n for 1=i=n, and |4;NA4;|=1 for 1=i<j=n, one
can color the elements of UA; with # colors so that for each i no two elements
of 4; have the same color. This conjecture is now fifteen years old, and has inspired
such work as [4] and [5]. We will present a simple proof that one can color the ele-
ments of U4; given [l1.5n—2] colors.

We first note that elements of UA; which belong to exactly one set 4; can
be easily colored once all the remaining elements have been assigned colors. Given
an Erdds, Faber, Lovasz set system we remove all elements which belong to only
one set 4;; we call such a modified set system simple. The Erdds, Faber, Lovasz
conjecture is then equivalent to the statement that any simple set system has an
n-coloring. We propose to work instead in the following setting. Given a hypergraph
H=(V, E), let us define the size of an edge e€E as the number of vertices to which
e is incident. We call H simple if

(#) for any pair u, v of distinct vertices in H there is at most one edge incident
to both u and v, and H contains no edges of size one.

Conjecture. For any simple hypergraph H on n vertices, the chromatic index of H
is at most n.

Given a simple set system A4; for 1=i=n, we can construct a hypergraph
H on n vertices ¥=1{1,2, ..., n} whose edges correspond to the elements of UA;.
More precisely, for each element e of UA4; we assign to H an edge which is incident
to each vertex i where ecAd;. Clearly H is simple. Conversely, given a simple hyper-
graph H=({1,2, ..., n}, E) we can construct a simple set system A4;={ecEle is
incident to vertex 7} for 1=i=n. In either construction a coloring of the elements
of UA; corresponds trivially to a coloring of the edges of H. The following theo-

This research was partially supported by N.S.F. grant No. MCS—8311422,
AMS subject classification (1980): 05 C 15; 05 C 65.



294 W. L. CHANG, E. L. LAWLER

rem implies [1.5n—2] colors suffice for the element-coloring problem of Erdgs,
Faber, Lovasz.

Theorem. For any simple hypergraph H on n vertices, the chromatic index of H
is at most [1.5n—2].

Proof. Arrange the edges of H in nonincreasing order of size. We will color the
edges in this order, using [1.51—2] colors. Assume we next color an edge e of
size k=3. At this point only edges of size k or greater have been assigned colors,
so condition (%) implies that at most [(n—k)/(k—1)] of these can meet e at each
of the k vertices to which e is incident. There will be an unused color for e if
k(n—k)/(k—1)<[1.5n—2], which holds for k=3. We color e using any such
unused color. Assume we next color an edge (u,v) of size two. If there is any
color unused at both » and v, we assign (u, v) that color. Otherwise we assert
that there must be a vertex w for which the following holds:

(u, w) and (v, w) are edges of size two that have already been colored,
the color of (4, w) is unused at v, and the color of (v, w) is unused at .

We first examine the consequences of this assertion. We make the observations
that at least n/2 colors are unused at each of u, v; that they are disjoint sets of
colors, and that at most n— 1 of them can be present at w. It follows that there is
a color unused at w and at one of u, v. Without loss of generality assume there is
a color ¢ unused at both u and w. Then we can recolor (u, w) using ¢, leaving
the original color of (u, w) unused at both 4 and ». Edge (4, v) can then be given
that color. It remains for us to show the existence of such a vertex w. Let

A={c|c is the color of a size-two edge incident to u but ¢ is not the
color of any size-three-or-greater. edge incident to v}

B={c|c is the color of a size-two edge incident to v but ¢ is not the
color of any size-three-or-greater edge incident to u}.

Then any color present at u or v but missing from AUB must be the color of a
size-three-or-greater edge incident to u# or v. Condition (%) implies (n—|A4|—2)/2
and (n—|B|—2)/2 are upper bounds on the numbers of size-three-or-greater edges
incident to # and v respectively. By assumption there are no colors unused at both
u and v, so

1.5n-2.5 =[1.5n-2] = |dUB|+(n—4|-2)/2+(n—|B|-2)/2

or equivalently
n—1 = |ANB|+|B\4}.

We note that |4\ B| counts the number of edges (¥, w) whose color is unused
at p; similarly |[B\A| counts the number of edges (v, w) whose color is unused
at u. The existence of a suitable w then follows from the last inequality and a simple
application of the pigeonhole principle. |j
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